For many physical quantities, theory supplies weak-and strong-coupling expansions of the types P a n n and p P b n ( 2=q ) n , respectively. Either or both of these may have a zero radius of convergence. We present a simple interpolation algorithm which rapidly converges for an increasing number of known expansion coe cients. The accuracy is illustrated by calculating the ground state energies of the anharmonic oscillator using only the leading large-order coe cient b 0 (apart from the trivial expansion coe cent a 0 = 1=2). The errors are less than 0:5% for all g. The algorithm is applied to nd energy and mass of the Fr ohlich-Feynman polaron. Our mass is quite di erent from Feynman's variational approach.
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Typeset using REVT E X email: kleinert@einstein.physik.fu-berlin.de; URL: http://www.physik.fu-berlin.de/~kleinert 1) Recently, the Feynman-Kleinert variational approximation to path integrals 1] has been extended to a systematic variational perturbation expansion 2]. This expansion converges uniformly and fast (for the anharmonic oscillator like e const N 1=3
in the order N of the approximation 3]). Due to the uniformity of the convergence, it has given rise to an e cient method for extracting strong-coupling expansions from a weak-coupling expansions 4{6].
For many physical systems, there exists an independent knowledge of expansion coecients for weak and strong couplings. Important examples are most lattice models of statistical mechanics. The purpose of this note is to propose a simple algorithm by which the variational perburbation expansion can be used to nd a systematic convergent interpolation between weak-and the strong-coupling expansions.
The algorithm is completely general and holds for any physical system whose quantities possess expansions in some coupling constant of type P a n n , for weak and of the type p P b n ( 2=q ) n for strong couplings, where either or both of these expansions may have a zero radius of convergence.
A typical example is the ground state energy of the anharmonic oscillator with p = 1=3; q = 3. We shall use this example to illustrated the power of the algorithm by calculating this the leading large-order coe cient b 0 , apart from the trivial coe cent a 0 = 1=2. The errors are less than 0:5% for all g.
To make a prediction, we apply the algorithm to the Fr ohlich-Feynman polaron 8], 9], where we know for the ground state energy the lowest three perturbation coe cients for weak couplings as well as the rst two strong-coupling coe cients; for the polaron mass, only two strong-coupling coe cients have been calculated.
Our interpolation results can be compared with Feynman's famous variational solution with interesting discrepancies for the mass, calling for a calculation of higher perturbation or strong-coupling coe cients.
2) Following the method explained in 3], we rewrite the weak coupling expansion of order N, E N = N X n=0 a n n ; (1) as
where ! is an auxiliary parameter whose value is eventually set equal to 1 and p; q are two parameters to be determined by general properties of the strong-coupling expansion. We now replace ! by the identical expression ! ! p 
Forming the rst and second derivatives of W N ( ; ) with respect to we nd the positions of the extrema and the turning points. The smallest among these is denoted by N . The resulting W N ( ) W N ( ; N ) constitutes the desired approximation to the energy.
It is easy to take this approximation to the strong-coupling limit ! 1. 
The full strong-coupling expression is obtained by writing W N ( ; ) = p w N (^ ; ! 
and the superscript (n) denotes the nth derivative with respect to! 2 . The parameters p and q in the expansion (2) are now determined to render the correct leading and the successive powers of in the strong-coupling expansion (8) .
The leading coe cient c N in the optimal frequency n is found by searching for the extrema of the leading coe cient b 0 (c) as a function of c and choosing the smallest of them.
Explicitly
Next we have to correct for the fact that for large but nite has corrections to the behavior 1=q c. The coe cient c will depend on like c( ) = c + c 1 ! q 2=q + c 2 ! q 4=g + : : : ; (11) requiring a reexpansion of c-dependent coe cients b c n in (8) . The expansion coe cients n are determined by extremizing b 2n (c). The nal result can again be written in the form (8) with b c n replaced by b n which are determined by the equations shown in Table 1 . The two leading coe cients receive no correction and are omitted.
It is now obvious that the knowledge of any strong-coupling coe cients b 0 ; b 1 can be exploited to determine approximately further coe cients a N+1 ; a N+2 ; : : : and thus carry W N ( ) to higher orders. We merely have to solve Eq. (10) for as many b n as are available.
3) The weak-coupling expansion of the anharmonic oscillator looks like (1) with = g=4 (for a potential is gx 4 =4). The lowest coe cient has is given by the ground state energy and has the value a 0 = 1=2.
The strong-coupling behavior is known from general scaling arguments to start out like g 
Equation (10) ; g < g (n) ;
with g
2! 3 =3 p 3. The result is shown in Fig. (1) . Since the di erence with respect to the exact solution would be to small to be visible on a direct plot of the energy, we display the ratio with respect to the exact energy W 1 ( )=E ex . The accuracy is everyhwere better than 99.5 %. For comparison, we also display the much worse (although also quite good) variational perturbation result using the exact a Fig. 2 , where it is compared with the Feynman variational energy. For completeness, we have also plotted the weak-coupling expansion, the strond-coupling expansion, the lower approximation W 2 ( ) , and two Pad e approximants which were given in the last of Refs. 10] as upper and lower bounds to the energy. 
The approximation W 3 ( ) = W 3 ( ; 3 ) for the polaron mass is shown in Fig. 3 , where it is compared with the weak and strong-coupling expansions and with Feynman's variational result. To see better the di erences between the strongly rising curves, we have divided out the asymptotic behavior M as = 1+b 0 4 before plotting the data. As for the energy, we have again displayed two Pad e approximants given by the last of Refs. 10] as upper and lower bounds to the energy. Note that our interpolation di ers considerably from Feynman's and higher order expansion coe cients in the weak or the strong coupling expansions will be necessary to nd out which is the true behavior of the model.
Our curve has, incidentally, the strong-coupling expansion Both di erences are the reason for our curve forming a positive arch in Fig. 2 , whereas Feynman's has a valley. It will be interesting to nd out how the polaron mass really behaves. This would be possible by calculating a few more terms in either the weak-or the strong-coupling expansion.
Note that our interpolation algorithm is much more powerful than Pad e's. First, we can account for an arbitrary fractional leading power behavior p as ! 1. Second, the successive lower powers in the strong-coupling expansion can be spaced by an arbitrary 2=q. Third, our functions have in general a cut in the complex -plane approximating the cuts in the function to be interpolated 13] . Pad e approximants, in contrast, have always an integer power behavior in the strong-coupling limit, a unit spacing in the strong-coupling expansion, and poles to approximate cuts. 
